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Abstract
In this paper, we study entanglement dynamics of a two-qubit extended Werner-like state locally interact-
ing with independent noisy channels, i.e., amplitude damping, phase damping and depolarizing channels.
We show that the purity of initial entangled state has direct impacts on the entanglement robustness in each
noisy channel. That is, if the initial entangled state is prepared in mixed instead of pure form, the state
may exhibit entanglement sudden death (ESD) and/or be decreased for the critical probability at which the
entanglement disappear.
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I. INTRODUCTION
In the last two decades, entanglement attracts much attention due to the powerful applications
in quantum information process and quantum computing.[1,2] In order to realize quantum infor-
mation process, great effort has been devoted to studying and characterizing the entanglement
in cavity QED [3−5] and spin systems[6,7] schemes. Therefore, it is of increasingly importance to
understand entanglement behaviors of quantum system in realistic situations, where the system un-
avoidably loses its coherence due to interactions with the environment. In this context, a peculiar
dynamical feature of entanglement was discovered that the entanglement can vanish completely
in a finite time, in striking contrast with decoherence of its individual constituent that decays only
asymptotically. Such a surprising phenomenon was termed entanglement sudden death (ESD)[8].
Because of its intrinsic and practical interests, ESD has attracted much attention in theory[9−14]
and confirmed experimentally[15] for the case of two qubits. The ESD phenomenon illustrates the
fact that the global behavior of an entangled system may be markedly different from the individual
and local behavior of its constituents.[14]
From a practical point of view, an entangled state undergoing ESD would put a limitation on
the time of its application in practice since it is less robust than one without ESD. Hence, to find
various conditions under which the ESD occurs seems to be very necessary. It has shown that ESD
is sensitive to the type of initial entanglement, i.e., depending on the type of initial state, the en-
tanglement may or may not exhibit ESD.[10] Besides the initial condition of an entangled state, the
environment is another decided factor responsible for the dynamical behaviors of entanglement.
In Ref. [14], the authors studied entanglement dynamics in three types of noisy channels. It was
shown that for the same entangled states, their entanglement may exhibit completely different be-
haviors involving the appearance of ESD in different types of environments. However, they only
considered the pure case of initial entangled states. In this paper, we shall study the entanglement
dynamics of an entangled state subject to various noisy channels by paying more addition to the
initial condition of the state. We show that the purity of initial entangled state is closely related
to the entanglement robustness in each noisy channel. That is, if the initial entangled state is pre-
pared in mixed instead of pure form, the state may exhibit ESD and/or be decreased for the critical
probability at which the entanglement disappear.
To quantify the entanglement of a two-qubit system we adopt Wootters’ concurrence[16]. The
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concurrence C(ρAB) for the density matrix ρAB of a two-qubit system AB is defined as
C(ρAB) = max{0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4}, (1)
where λi are the eigenvalues of the matrix ζ = ρ(σAy ⊗ σBy )ρ∗(σAy ⊗ σBy ) arranged in decreasing
order. Here σA(B)y are the y-Pauli matrix acting on qubit A (B) and ρ∗ is the complex conjugation
of ρ in the standard (computational) basis. For the separate state C = 0 whereas C = 1 for
maximally entangled state.
For the initial state of qubit-pair AB, instead of Bell-like and Werner states[17], we shall con-
sider the following extended Werner-like state
ρAB(0) = r |Φ〉ABAB 〈Φ|+
1− r
4
IAB, (2)
with r the purity of the initial state of qubits AB, IAB the 4× 4 identity matrix and
|Φ〉AB = (sin θ |00〉+ cos θ |11〉)AB , (3)
the Bell-like state. Obviously, the state in Eq. (2) reduces to the standard Werner state when
θ = pi/4 and to Bell-like pure state when r = 1. By dealing with the above extended Werner-like
state, we are able to study the effect of mixedness of the initial entangled state. Both the Bell-
like state and Werner state, and so the extended Werner-like state, belong to the so-called X-class
state[12] whose density matrix is of the form
ρAB =


x 0 0 v
0 y u 0
0 u∗ z 0
v∗ 0 0 w


, (4)
with x, y, z, w real positive and u, v complex quantities. The X-class states have the property that
the corresponding two-qubit density matrix preserves the X-form during the system evolution.
For the X-state (4), the concurrence can be derived as
C(ρAB) = 2max{0, |u| −
√
xw, |v| − √yz}. (5)
We consider three paradigmatic types of noisy channels, i.e., amplitude damping channel, phase
damping channel and depolarization channel. Each one of the two qubits A and B individually
coupled to its own noisy environment, implying no any interaction, direct or indirect, between
3
them. The dynamics of each qubit is governed by a master equation that gives rise to a completely
positive trace-preserving map Ei (with i = A,B) describing the evolution as ρi = Eiρi(0), where
ρi(0) and ρi are, respectively, the initial and evolved reduced states of the i-th subsystem. In the
following, we shall consider the entanglement dynamics of the state (2) in the three noisy channels,
respectively.
II. AMPLITUDE DAMPING CHANNEL
The first noisy channel we consider is the amplitude damping (AD) channel which can be
represented via the Kraus representation as[1,14]
EADi ρi = E0ρiE†0 + E1ρiE†1, (6)
with E0 = |0〉 〈0| +
√
1− p |1〉 〈1| and E1 = √p |0〉 〈1| being its Kraus operators. p ≡ p(t) ≡
1− e− 12γt is the probability of the qubit exchanging a quantum with the bath at time t, and γ is the
zero-temperature dissipation rate. After time-evolving, the initial state of qubits A,B in Eq. (2)
evolves into ρAB(p) which has the X-form (4) with the matrix elements are given as
x =
1− r
4
(1 + p)2 + r(cos2(θ)p2 + sin2(θ)),
y = z =
1− r
4
(1− p2) + r cos2(θ)p(1− p),
w = (
1− r
4
+ r cos2(θ))(1− p)2,
v = r sin θ cos θ(1− p),
u = 0. (7)
By virtue of Eq. (5), we can get the concurrence C(ρAB(p)) of ρAB(p) as
C(ρAB(p)) = 2max{0, |v| − √yz}. (8)
If the initial state of qubits A,B is pure, i.e., r = 1, from the relation |v| − √yz = 0 we can
get the critical probability pc at which the entanglement disappear as pc = | sin θcos θ |. For θ < pi/4,
pc is always smaller than 1, meaning that the entanglement disappears before the steady state is
asymptotically reached.[14] Thus θ < pi/4 is the condition for the occurrence of ESD when the
initial state of A,B is pure, i.e. r = 1. The relations between C(ρAB(p)) and p, θ are plotted
in FIG. 1 for r = 1. However, we shall pay more attention to the case of r < 1, i.e., the initial
4
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FIG. 1: CAB ≡ C(ρAB(p)) as functions of θ and p for the case of r = 1. The ESD appears for θ <
pi/4 + kpi.
entangled state is prepared mixed form. In this case, the critical probability pc = 4r| sin θ cos θ|+r−14r| cos2 θ|−r+1 ,
which is related to both the degree and purity of initial entanglement in terms of θ and r. The
condition of appearance of ESD is derived as | sin θ cos θ|−cos2 θ < 1
2
(1
r
−1), from which we can
see that the range of θ for appearing ESD depends on the value of r. As an example, for r = 0.7
we plot in FIG. 2 the concurrence C(ρAB(p)) as functions of p and θ, where we can see that ESD
occurs for all the possible values of θ, in striking contrast with the case of r = 1 in FIG. 1. Hence,
ESD phenomenon is closely related to the purity of initial entangled state.
III. PHASE DAMPING CHANNEL
In this section, we consider the phase damping channel (PD) in which there is loss of quantum
information with probability p, but without any energy exchange. It is defined as[14]
EPDi ρi = (1− p)ρi + p(|0〉〈0|ρi|0〉〈0|+ |1〉〈1|ρi|1〉〈1|). (9)
After time-evolving, the diagonal terms of initial state in Eq. (2) of qubits A,B remains the same,
whereas the off-diagonal ones are multiplied by (1 − p)2. By virtue of Eq. (5), we can get the
concurrence C(ρAB(p)) of ρAB(p) as
C(ρAB(p)) = 2max{0, |v| − √yz}, (10)
5
01
2
3
Θ
0
0.25
0.5
0.75
1
p
0
0.2
0.4
0.6
CAB
FIG. 2: CAB ≡ C(ρAB(p)) as functions of θ and p for the case of r = 0.7. The ESD appears for all the
possible values of θ.
with y = z = 1−r
4
and v = r sin θ cos θ(1 − p)2. Obviously, if the initial state of qubits AB is
pure, i.e., r = 1, we have y = z = 0, thus C(ρAB(p)) = 2 sin θ cos θ(1 − p)2 ≥ 0 with equality
hold for p = 1 implying non-existence of ESD for all the possible values of θ. However, if the
initial state of qubits AB is mixed the situation will be different. From the relation |v| −√yz = 0
we can get the critical probability pc as pc = 1 −
√
1−r
4r| sin θ cos θ|
. For r < 1, pc is always smaller
than 1, meaning that in the PD channel the entangled state (2) always suffers ESD if the state is
prepared in the mixed form. To make a comparison, in FIG. 3 and FIG. 4, we plot C(ρAB(p)) as
functions of θ and p for r = 1 and r = 0.7, respectively. Hence, the close relation between ESD
and the purity of initial entangled state can also be obtained in the PD channel.
IV. DEPOLARIZING CHANNEL
Next, we consider entanglement dynamics in the depolarizing (D) channel. The D channel
represents the situation where the i-th qubit remains untouched with probability 1 − p, or is
depolarized-meaning that its state is taken to the maximally mixed state-with probability p. It
can be expressed as[14]
EDi ρi = (1− p)ρi + p
I
2
, (11)
with I is the identity operator.
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FIG. 3: CAB ≡ C(ρAB(p)) as functions of θ and p for the case of r = 1. The ESD does not appear for all
the possible values of θ.
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FIG. 4: CAB ≡ C(ρAB(p)) as functions of θ and p for the case of r = 0.7. The ESD instead appears for
all the possible values of θ.
After time-evolving, the density matrix (2) evolves into ρAB(p) which remains the X form (4)
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FIG. 5: CAB ≡ C(ρAB(p)) as functions of θ and p for the case of r = 1. The ESD happens for all the
possible values of θ.
with the matrix elements are given as
x = (1− p
2
)2(
1− r
4
+ r sin2 θ) + p(1− p
2
)
1− r
4
+ (
p
2
)2(
1− r
4
+ r cos2 θ),
y = z =
1− r
4
(1− p+ p
2
2
) +
p
4
(1− p
2
)(1 + r),
w = (1− p
2
)2(
1− r
4
+ r cos2 θ) + p(1− p
2
)
1− r
4
+ (
p
2
)2(
1− r
4
+ r sin2 θ),
v = r sin θ cos θ(1− p)2,
u = 0. (12)
By virtue of Eq. (5), we can get the concurrence C(ρAB(p)) of ρAB(p) as
C(ρAB(p)) = 2max{0, |v| − √yz}. (13)
For r = 1 the state (2) always undergoes ESD for all the possible values of θ in the time evolution
process as shown in FIG. 5, where we plot C(ρAB(p)) as functions of p and θ. It is known that
ESD is a representation for the fragility of entanglement. If we take the mixedness of initial
entanglement into account, the robustness of entanglement will be reduced further. In FIG. 6 we
plot C(ρAB(p)) as function of p for different r, where we can see that the critical probability will
be decreased with r.
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FIG. 6: C(ρAB(p)) as function of p for θ = pi/4 for various r. The critical probability decreased with r.
V. CONCLUSIONS
In conclusion, we have studied the entanglement evolution of a two-qubit entangled state sub-
ject to independent environments, i.e., the amplitude damping, phasing damping and depolarizing
channels. The initial entangled state is prepared in an extended Werner-like form (2), thus we can
investigate the relations between the purity of the entangled state and its dynamical behaviors. We
find that the dynamical behaviors of the two-qubit entanglement are closely related to its purity
as well as the types of noisy channels. The mixedness has direct impacts on the robustness of
entanglement in the sense that it can result in ESD and/or decrease the critical probability. The
understanding of entanglement behaviors in realistic system is a precondition for its application in
practice, thus studying the conditions which may influence the entanglement dynamics in various
situations prove very important and necessary.
We thank Z-X Man for his reading of the manuscript.
References
[1] M. A. Nielsen and I. L. Chuang Quantum Computation and Quantum Information (Cambridge: Cam-
bridge University Press) (2000).
[2] Z. Y. Xue, Y. M. Yi and Z. L. Cao Physica A 374 (2007) 119. Z. Y. Xue, Y. M. Yi and Z. L. Cao J.
9
Mod. Opt. 53 (2006) 2725.
[3] S. B. Zheng and G. C. Guo Phys. Rev. Lett. 85 (2000) 2392.
[4] G. Zhang, M. Yang, and Z. L. Cao Commun. Theor. Phys. 49 (2008) 117.
[5] C. J. Shan, W. W. Cheng, T. K. Liu, D. J. Guo and Y. J. Xia Commun. Theor. Phys. 49 (2008) 1505.
C. J. Shan, Y. J. Xia Acta. Phys. Sin. 55 (2006) 1585.
[6] X. G. Wang Phys. Rev. A 64 (2001) 012313; 66 (2001) 044305; 66 (2001) 034302.
[7] C. J. Shan, W. W. Cheng, T. K. Liu, Y. X. Huang and H. Li Chin. Phys. 17 (2008) 0794; Acta. Phys.
Sin. 57 (2008) 2687; Chin. Phys. Lett. 25(2008) 817.
[8] T. Yu and J. H. Eberly Phys. Rev. Lett. 93(2004) 140404.
[9] J. H. Eberly and T. Yu Science 316(2007) 555.
T. Yu and J. H. Eberly Phys. Rev. Lett. 97(2006) 140403
T. Yu and J. H. Eberly Opt. Commun. 264 (2006) 393.
[10] M. Yo¨nac¸, T. Yu and J. H. Eberly J. Phys. B 39(2006) S621.
M. Yo¨nac¸, T. Yu and J. H. Eberly J. Phys. B 40 (2007) S45.
[11] Sainz I and Bjo¨rk G Phys. Rev. A 76 (2007) 042313.
Z. Ficek and R. Tanas´ Phys. Rev. A 74 (2006) 024304.
R. F. Liu and C. C. Chen Phys. Rev. A 74 (2006) 024102.
H. T. Cui, K. Li and X. X. Yi Phys. Lett. A 365 (2007) 44.
Z. X. Man, Y. J. Xia and B. A. Nguyen J. Phys. B 41 (2008) 085503.
Z. X. Man, Y. J. Xia and B. A. Nguyen J. Phys. B 41 (2008) 155501.
D. Cavalcanti, J. G. Oliveira, J. G. Peixoto de Faria, M. O. Terra Cunha and M. F. Santos Phys. Rev. A
74 (2006) 042328.
[12] T. Yu and J. H. Eberly Quantum Inf. Comput. 7 (2007) 459.
[13] Z. Sun, X. G. Wang and C. P. Sun Phys. Rev. A 75 (2007) 062312.
X. X. Yi and W. Wang Phys. Rev. A 76 (2007) 042109.
W. Wang, L. B. Fu and X. X. Yi Phys. Rev. A 75 (2007) 045601.
Z. H. Ma and X. G. Wang Phys. Rev. A 75 (2007) 014304.
A. R. R. Carvalho, F. Mintert, S. Palzer and A. Buchleitner Eur. Phys. J. D 41 (2007) 425.
M. Ban, S. Kitajima and F. Shibata J. Phys. A 38 (2005) 7161.
B. Bellomo, R. Lo. Franco and G. Compagno Phys. Rev. Lett. 99 (2007) 160502.
[14] L. Aolita, R. Chares, D. Cavalcanti, A. Acı´n and L. Davidovich Phys. Rev. Lett. 100 (2008) 080501.
10
[15] M. P. Almeida, F. de Melo, M. Hor-Meyll, A. Salles, S. P. Walborn, P. H. Souto Ribeiro and L.
Davidovich Science 316 (2007) 579.
[16] W. K. Wootters Phys. Rev. Lett. 80 (1998) 2245.
[17] R. F. Werner Phys. Rev. A 40 (1989) 4277.
11
